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 .Consider the delay differential equation DDE with nonlinear impulses
n
x t q p t x t y t s 0, t / t , t G t , .  .  .Ç  i i j 0
is1
x tq y x t s I x t , j s 1, 2, . . . , ) . .  . .  .j j j j
w . q.  .where p g C t , ` , R , t G 0 for i s 1, 2, . . . , n, and I g C R, R for j si 0 i j
1, 2, . . . . The purpose of this paper is to obtain a necessary and sufficient condition
for the existence of positive solutions of DDE without impulses and to establish a
 .kind of order persistence of solutions of Eq. ) and criteria of the asymptotic
 .behavior of Eq. ) , which can be used to improve and develop some of the known
results in the literature. Q 1997 Academic Press
1. INTRODUCTION
There have been many papers considering the delay differential equa-
tion
n
x t q p t x t y t s 0, 1 .  .  .  .Ç  i i
is1
w . q. wwhere p g C t , ` , R , t G 0 for i s 1, 2, . . . , n; see, for example, 1, 4,i 0 i
x w x5 and the references cited in 4 . There are only a few papers concerned
with the impulsive delay differential equations, which is an important
w xmathematical model of many evolution process; see 2, 3, 6, 7 .
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 .In this paper, we consider the delay differential equations DDE with
nonlinear impulses,
n
x t q p t x t y t s 0, t / t , t G t , .  .  .Ç  i i j 0
is1
x tq y x t s I x t , j s 1, 2, . . . , 2 . .  . .  .j j j j
w . q.  .where p g C t , ` , R , t G 0 for i s 1, 2, . . . , n, and I g C R, R fori 0 i j
 4j s 1, 2, . . . . Let t s max t , t , . . . , t and t - t - t - ??? , t ª ` as1 2 n 0 1 2 j
j ª `. Set
w xPC s f : yt , 0 ª R is piecewise left continuous . 4
 .With Eq. 2 , one associates an initial condition of the form
w xx s f s , s g yt , 0 , 3 .  .s
 .where x s x s q s and f g PC.s
 .  .DEFINITION 1. x t is called a solution corresponding to t of Eq. 2 if0
w .x: t y t , ` ª R is continuous for t / t ; x is continuously differentiable0 j
 q.  y.  y.  .for t G t , t / t , and t / t q t , and x t , x t exist and x t s x t ,0 j j i j j j j
 .j s 1, 2, . . . , and x satisfies Eq. 2 .
 .DEFINITION 2. x t is called a solution corresponding to t of the initial0
 .  .  .value problem 2 and 3 if x is a solution corresponding to t of Eq. 20
 .  . .and satisfies 3 , denoted by x t , f t .0
 . .  .DEFINITION 3. x t , f t is called a positive solution of Eq. 2 if0
w x  . .f G 0, s g yt , 0 , and x t , f t ) 0, t G t .0 0
 .  .DEFINITION 4. A solution x t of Eq. 2 is said to be nonoscillatory if it
is eventually positive or eventually negative; otherwise it will be called
oscillatory.
 .Analogously, we can define the various solutions of Eq. 1 .
Our aim in this paper is to obtain results on existence and asymptotic
 .behavior of nonoscillatory solutions of Eq. 2 . This paper is organized as
follows. In Section 2, we show a necessary and sufficient condition ensur-
 .ing that there exist positive solutions in Eq. 1 , the special case of which
w xincludes the corresponding results in 4 . Furthermore, under the condi-
tions we establish in Section 3, several new results which assert that there
 .exists a kind of order relation between the solutions of Eq. 1 and those of
 .  .Eq. 2 , that is, the differences between the solutions of 1 and the
 .corresponding ones of 2 , are always positive or negative. Finally, some
 .criteria of asymptotic behavior of Eq. 2 are given in Section 4, which
w ximprove and generalize the known criteria 7 .
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 .2. POSITIVE SOLUTIONS OF EQ. 1
 .  4  .  4Let h t s min t , t y t , H t s max t , t y t , andi 0 i i 0 i
q <w xF s f g C yt , 0 , R f 0 ) 0 and f s F f 0 , yt F s F 0 . 4 .  .  . .
Our aim in this section is to establish the following necessary and
 .sufficient condition for the positive solutions of Eq. 1
 .THEOREM 1. For Eq. 1 , the following statements are equi¨ alent:
 .  . w . q.a There exist k t g C t , ` , R , i s 1, 2, . . . , n, such thati 0
n
t
p s k s ds F ln k t , t G t , j s 1, 2, . . . , n. 4 .  .  .  .H i i j 0
 .H tj is1
 .  . .  .  .b For ; f g F, x t , f t is a positi¨ e solution of Eqs. 1 and 3 .0
 .  .  .Proof. a « b Assume that a holds. Set
n
b t s y p t k t , g t s 0, for t G t . .  .  .  . i i 0
is1
w . .  .  .  .For all d g C t , ` , R such that b t F d t F g t , t G t , it follows0 0
 .from 4 that
n
t t
y d s ds F p s k s ds F ln k t , .  .  .  .H H i i j
 .  .H t H tj j is1
where t G t , j s 1, 2, . . . , n. Hence, for ; f g F, we have0
n f h t y t . . ti 0
g t s 0 G y p t exp y d s ds .  .  . Hi  /f 0 .  .H tiis1
n
G y p t k t s b t . .  .  . i i
is1
w x  . .In view of Theorem 3.1.1 in 4 , x t , f t is a positive solution corre-0
 .  .sponding to t of Eqs. 1 and 3 .0
 .  .  . .  .b « a Assume that y t , f t is a positive solution of Eq. 1 . Let0
 .  . .y t s y t , f t and0
y t .Ç
a t s , t G t . . 0y t .
So
t
y t s f 0 exp a s ds , t G t . .  .  .H 0 /t0
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w xHence, it follows from Theorem 3.1.1 in 4 that
n f h t y t . . ti 0
a t q p t exp a s ds s 0. 5 .  .  .  . Hi  /f 0 .  .H tiis1
Set
t
k t s exp y a s ds . .  .Hi  / .H ti
 .  .Integrating 5 from H t to t, we geti
n f h s y t . .t i 0
p s k s ds .  .H i if 0 . .H tj is1
n
t t
s p s k s ds s y a s ds .  .  .H Hi i
 .  .H t H tj jis1
s ln k t , t G t , j s 1, 2, . . . , n .j 0
which completes the proof of Theorem 1.
 .  .Remark 1. If k t ' e, it is easy from 4 to see thati
n 1t
p s ds F , t G t , .H i 0e .H tj is1
which is a well-known result.
 .3. SOME PROPERTIES OF SOLUTIONS OF EQ. 2
This section is devoted to the existence of positive and nonoscillatory
 .solutions of Eq. 2 , which are based on our comparison result established
here. It is interesting in itself and needed in the following lemma, which is
w xa clear extension of Lemma 1 in 5 .
 .  .  .LEMMA 1. Assume that z t is a positi¨ e solution of Eq. 1 and x t is
 .any solution of Eq. 2 . Set
w t s x t rz t , t G t . .  .  . 0
Then for t G t , t / t , t / t q t , j s 1, 2, . . . , and i s 1, 2, . . . , n,0 j j i
n z t y t .i
w t s p t w t y w t y t . 6 .  .  .  .  . .Ç  i iz t .is1
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THEOREM 2. Assume that
n
p t G 0 for i s 1, 2, . . . , n and p t ) 0, t G t , 7 .  .  .i i 0
is1
 .  . .and Eq. 1 has a positi¨ e solution z t , w t corresponding to t . Then for0 0
f g PC such that
0, yt F s - 0,
f s 8 . b , s s 0,
where b / 0,
bx s , f t ) 0, t G s , .  .
 . .  .where x s , f t is a solution corresponding to s with s G t of Eqs. 1 and0
 .3 .
 .Proof. By Theorem 1, without loss of generality, assume that z t ) 0
for t G t y t . Consider the case of b ) 0 the case of b - 0 can be0
.  .treated in a similar way . Since Eq. 1 is a linear equation, it is easy to see
 .that there exists a constant C ) 0 such that Cz t is a positive solution of
 .Eq. 1 and satisfies
Cz s s b. 9 .  .
 . .  .We have to prove x s , f t ) 0 for t G s . Note that Cz t G f for
w x  .t g s y t , s and it follows from Eq. 1 that there exists a constant
T ) s such that
x s , f t G Cz t , s F t F T . 10 .  .  .  .
We claim that T s `. Otherwise, there exists t ) s such that
x s , f t s Cz t . .  .  .
 .  .In view of 9 and 10 , we can choose
t* s inf w t s 0 and w s k 0, s F s F t 4 .  .Ç Ç
sFtFt
such that
w t* s 0 and w t* ) w s , s y t F s - t*, .  .  .Ç
 .  .  .  .where w t s x t rCz t . Then substituting t s t* into 6 , Lemma 1 and
 .7 imply a contradiction which completes our proof.
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 . .Remark 2. If z t , f t in the proof of Theorem 2 is a positive0
 .  .solution of Eqs. 1 and 3 with f g PC, the theorem is also true.
 . .In the following text, we will suppose that if x t , f t is a solution of0
 .  .  . .  .  .Eqs. 1 and 3 , x* t , f t is a solution of Eqs. 2 and 3 .0
THEOREM 3. Suppose that the hypotheses of Theorem 2 hold and
xI x G 0, j s 1, 2, . . . . 11 .  .j
 . .  . .Then z* t , w t G z t , w t , t G t .0 0 0
 . .Proof. Let z t , w t , k s 1, 2, . . . , be solutions of the equationsk 0
n
x t q p t x t y t s 0, t / t , t G t .  .  .Ç  i i j 0
is1
x tq y x t s I x t , j s 1, 2, . . . , k , .  . .  .j j j j
 .and w g PC. Since Eq. 1 and the first equation above are linear equa-
 . .  . .tions, z t , w t y z t , w t is a solution corresponding to t of the1 0 0 1
 .  .  . .initial problem Eqs. 1 and 3 , denoted by z t , f t , where1 1
0, yt F s - 0,
f s  I x t , s s 0. . .1 1
 .Hence, Theorem 2 and 11 imply
z t , f t ) 0, t ) t . .  .1 1 1
So
z t , w t G z t , w t , t G t . .  .  .  .1 0 0 0
By induction, for t G t ,0
0 - z t , w t F z t , w t F ??? F z* t , w t . .  .  .  .  .  .0 1 0 0
The proof of Theorem 3 is completed.
Applying Theorem 2 and the method used in Theorem 3, we can
similarly obtain the following results.
 .  .  . .THEOREM 4. Assume that 4 and 7 are satisfied. Let x t , w t be any0
 .  .solution of Eqs. 1 and 3 . Then for t G t ,0
 .  .  . .  . .1 if I x G 0, j s 1, 2, . . . , x* t , w t G x t , w t ;j 0 0
 .  .  . .  . .2 if I x F 0, j s 1, 2, . . . , x* t , w t F x t , w t .j 0 0
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 . w  . x  . .COROLLARY 1. In Theorem 4, if I x G 0 or I x F 0 and x t , w tj j 0
 .  . .is e¨entually positi¨ e or negati¨ e , then x* t , w t is also e¨entually positi¨ e0
 .or negati¨ e .
 .4. ASYMPTOTIC BEHAVIOR OF EQ. 2
 .THEOREM 5. Assume that Eq. 2 satisfies the conditions
n`
p s ds s `, 12 .  .H i
t0 is1
`
< <I x F b x and b - `, j s 1, 2, . . . , 13 .  .j j j
js1
 .where b G 0. Then e¨ery nonoscillatory solution of Eq. 2 tends to zero asj
t ª `.
 .Proof. Without loss of generality, assume that z t is an eventually
 .  U4  4`positive solution of Eq. 2 . Take a sequence t of t such thatk j 1
  U ..  U4  4`I z t ) 0 and choose a corresponding sequence b from b . There-k k k j 1
fore, there exists a sufficiently large T G t , such that0
z t ) 0 and z t F 0, t / t , t G T , 14 .  .  .Ç j
 .  xthat is, z t is decreasing in t , t for t G T , j s m, m q 1, . . . , withj jq1 j
 .  U U x Um g N. It is easy to see that z t is also decreasing in t , t for t G T ,k kq1 k
k G m. Hence for t G tU ,k
z t F z tUq F 1 q bU z tU F 1 q bU z tUq .  .  .  . .  .k k k k ky1
F 1 q bU 1 q bU z tU .  .  .k ky1 ky1
F 1 q bU 1 q bU ??? 1 q bU z tU . 15 .  .  .  .  .k ky1 m m
 .  U .  .In view of 13 , 0 -  1 q b - `. Thus, from 15 , there exists ak
constant M ) 0 such that
z t - M for t G T . .
 .Now, we claim that lim inf z t s 0. Otherwise, sett ª`
lim inf z t s l ) 0. 16 .  .
tª`
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 .Then there exists T G T , such that z t G lr2 for t y t ) T . So1 1
n
0 s z t q p t z t y t .  .  .Ç  i i
is1
nl
G z t q p t . .  .Ç  i2 is1
Integration from t to ` with t G T yields1
n`l
Ul y M b y z t q p s ds F 0, .  . Hk i2 tkGm is1
 .  .which, in view of 12 and 13 , implies a contradiction that complete our
claim.
 .  .Next, to prove that lim sup z t s 0, from 14 we can choose at ª`
 4`  U 4`subsequence j from t such thatk 1 k m
lim z j s 0, 17 .  .k
kª`
 q4`  Uq 4`and similarly find another subsequence h of t between j andk 1 k m k
 q.  .j , k s 1, 2, . . . , such that lim z h s lim sup z t . Assumekq1 k ª` k t ª`
U Uthat b , correspond to the moments j , h of impulsive effect, respec-k k k k
 .  .tively. Then from 2 and 14 , it follows from
q U U q0 - z h F 1 q b z h F 1 q b z h . .  . .  .k k k k ky1
U U UF 1 q b 1 q b ??? 1 q b z j , k s 1, 2, . . . , .  . .  .k ky1 k k
 .  q.  .and 17 that lim z h s 0. Therefore, z t ª 0 as t ª `. The proofk ª` k
of Theorem 5 is completed.
w xTheorem 1 in 7 is a special case of Theorem 5 here. Readers interested
in it may combine it with Theorem 4 and obtain many results for them-
selves.
 .  .  .LEMMA 2. Assume 7 and 11 hold. Let z t be a nonoscillatory
 .  .  .solution of Eq. 1 . Let x t be any oscillatory solution of Eq. 2 . Then there
exists K ) 0 such that e¨entually
x t F K z t . .  .
 .Proof. Without loss of generality, suppose that z t ) 0 for t G T.
Hence, using the function w introduced in Lemma 1, we have to prove that
w is bounded. Assume that it is not true.
 .  .From the definition of w t , it is easy to see that 11 holds if and only if
w t w tq y w t G 0, j s 1, 2, . . . . .  . . .j j j
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Moreover, noting that w is an oscillatory function, there exists t* G T q t
such that either
w t* F 0 and w t* ) w s for T F s - t*, .  .  .
or
w t* G 0 and w t* - w s for T F s - t*, .  .  .Ç
 q4  .in which t* may be an element of t . Substituting t* s t into 6 , Lemmaj
 .1 and 7 imply a contradiction.
 .  .  .  .COROLLARY 2. Assume that 4 , 7 , and 11 ] 13 are satisfied. Then
 .e¨ery solution of Eq. 2 tends to zero as t ª `.
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